1, 2 A basic requirement for a satellite's formation is the precise knowledge of the spacecraft's relative configuration. The design of the navigation subsystem is significantly affected by this peculiar issue: in fact, the accuracy required for the fulfillment of the formation tasks is much greater than the one usually required for a single satellite.
In the proposed paper, the performance of differential GPS is analyzed for a wide range of formation missions. Two extended Kalman filters, based on the relative dynamics of the formation, are proposed to improve the accuracy of the estimates of the relative state. The first one evaluates the measurements of the relative coordinates from the deltapseudoranges, while in the second one the deltapseudoranges themselves are used as measurements. Therefore, the latter includes a more complicated measurement equation and requires the inclusion of the differential clock offset among the state variables to be estimated. However, simulations for different mission 1
INTRODUCTION
In a large number of formation missions, the relative position between two spacecraft defines the observation geometry and thus the performance achievable by the payload. In order to attain a safe formation flight with a reasonable cost in terms of platform complexity and propellant amount, the design of nominal relative trajectories should include perturbations [1] . In fact, control efforts could be minimized by exploiting as much as possible the knowledge of the orbital environment. However, unmodeled environmental perturbations and disturbances lead to the need for a control strategy not only for the formation deployment and acquisition, but also for the maintenance along its whole lifetime.
Control strategies in formation flying must face the problem of very precise station keeping with the constraint of limited propellant consumption. Clearly, an upper bound for the precision of the regulator is determined by the accuracy of its input. The usual approach for Low Earth Orbit (LEO) formations, as the Synthetic Aperture Radar (SAR) missions ( [2] and [3] ), is to consider the very precise carrier-phase differential GPS measurements ( [4] and [5] ). However, the results presented in Section 3 show that for real-time control purposes code differential GPS (DGPS) is sufficient. This is due to the fact that even if some error sources, such as receiver errors, are not correlated among the pseudorange measurements carried out by the formation satellites, some others (ionospheric and ephemeris errors) present a spatial correlation that is confirmed even for very distant spacecraft. In this way, it is possible to defer to the postprocessing phase the most accurate (and computationally demanding) baseline determination by means of carrierphase DGPS.
Two filtering strategies will be analyzed. In the first one, once the signals are acquired from at least four GPS satellites, the pseudoranges relevant to the two spacecraft are subtracted (the so-called delta-pseudoranges) and then algebraically manipulated in order to obtain the relative coordinates. These coordinates are used as measurements for an extended Kalman filter whose state variables are the relative position and velocity, so that the relation between measurement and state is linear. By contrast, in the second strategy the measurements are the delta-pseudoranges, meaning that the measurements equation is slightly more complicated, since it is nonlinear. Moreover, the clock offset and drift of the filter state must be included among the state variables.
A wide range of possible formation missions will be analyzed in order to clearly define the performance of the two navigation architectures. First, LEO missions are considered. Interferometric and bistatic configurations (INSAR and BSAR, remote sensing missions characterized respectively by close and large relative distances, [6] ) provide a good example of different dynamical environments. In fact, the larger the baseline, the most impacting the nonlinearities of the formation dynamics. Leader-follower trains of formation, like the A-train [7] , offer the opportunity to study a continuous range of relative baselines. This study suggests that only by including among the filter state variables the differential clock offset and drift (and drift rate, if necessary) it is possible to obtain consistent performance for any of the considered mission profiles, since the direct evaluation of these parameters (as in the case of the first filter) leads to increasing errors.
Finally, the code differential GPS is also demonstrated to be a feasible solution for extremely different scenarios. The case of geostationary transfer orbit (GTO) formations is considered. At apogee, the spacecraft are above the GPS constellation. Nevertheless, thanks to the spillover of the GPS signals from beyond the Earth, a sufficient number of GPS satellites is tracked and accurate baseline determination is achieved.
NAVIGATION SYSTEM
A basic requirement for every formation mission is the accurate knowledge and control of the relative state of the spacecraft. In fact, environmental perturbations and unmodeled disturbances lead to the need for a control strategy not only for the formation deployment and acquisition, but also for its maintenance along its whole life time. The classical GNC loop of Figure 1 has satisfactory performance only if the regulator is able to evaluate the necessary control actions, thanks to an accurate estimate of the relative state. In this paper the focus is on the code differential GPS technique, and it will be shown that it provides an acceptable performance for the real-time formation navigation and control in a large number of possible applications. 
Code Differential GPS (DGPS)
The processing of the data collected during interferometric and bistatic operational modes requires precise knowledge of the spacecraft's relative baseline. The most documented approach is the use of differential carrier-phase GPS techniques. In this way, accuracy at the millimeter level has been tested successfully on-ground (see [5] and [8] ). However, the implementation of this technique is quite intensive from a computational point of view, since the ambiguity on the integer number of wavelengths from the receiver to the GPS transmitter must be resolved in realtime, and, above all, recomputed after each link failure. While navigation based on the GPS phase observable has been demonstrated to be feasible with on-ground computational resources by post-processing the recorded signals, it can be seen as an excessive load for the limited on-board data handling capabilities.
Actually, very accurate knowledge of the relative position is usually needed only for payload data processing, while much lower precision is required for the real-time control of the baseline. A usual requirement is that the relative baseline is maintained within an error box of 1% of the formation baseline. In Section 3 it is shown that such a precision can be obtained by a linear quadratic regulator (LQR) even if the measurements are obtained by a code differential GPS approach, disregarding the difficulties of an online implementation of carrier-phase differential GPS.
The basic concept of the code-based differential GPS is that the two spacecraft of the formation acquire the signal from the same set of GPS satellites, and then, by means of intersatellite communication, they differentiate their pseudorange measurements. In this way many error sources affecting the observables' measurements are removed.
Proposed Receiver's Configuration
GPS receiving antennas are accommodated on both the Chief and the Deputy satellites. Different configurations are considered in the following, consisting for each spacecraft of two pairs of antennas directed in the radial direction (ˆ x ± ), along the out-of plane direction (ˆ z ± ), or along the velocity direction (ˆ y ± ). A GPS satellite is considered visible if its signal is not obscured by the Earth (augmented by a mask altitude of 600 km), and if the signal-to-noise ratio is at least 32 dB-Hz. From Figure 2 it is possible to see that, for a three-axes-stabilized spacecraft in polar orbit, a better and safer performance is obtained with four antennas accommodated in the ŷ and ẑ directions, which always receive signals from at least nine satellites, with a mean value of 11.9. For this reason, this is the selected configuration. The configuration with antennas pointed in the ẑ and x directions is quite similar to the selected one, with 8 minimum visible GPS signals and a mean value of 11.1. Since the worst configuration is the x and ŷ -minimum of 5 acquired signals, average 9.83-it is evident that for a LEO polar orbit (like the orbit of many of the remote sensing missions proposed, and therefore considered here) it is of capital importance to have at least a pair of GPS antennas along the direction normal to the orbital plane (ẑ ).
Figure 2-Number of simultaneously acquired GPS signals for three different configurations of the receving antennas (polar LEO case).
A basic issue for differential GPS is that the same GPS satellites are in view for the Chief and the Deputy, because only in this way can related errors of the pseudorange measurements be eliminated. Since the relative baseline is quite short compared to the line of sight, even for large formations, there are only very short intervals during which a specific GPS satellite is not acquired by both members of the formation. 
DGPS Residual Errors Modeling
The error budget of a single pseudorange measurement of the k th satellite with respect to the i th GPS signal can be written, following [9] , as: The difference between the ˆi C ρ and the ˆi D ρ measurements (relevant to the Chief and Deputy satellite) provides the delta-pseudorange:
Depending on the error source, the correlation between the errors affecting ˆi C ρ and the ˆi D ρ measurements can be null for any configuration or it can be total for hypothetically overlapped satellites; such a correlation always decreases as the dimensions of the formation increase.
In detail, in differential GPS the errors of the space segment , ,
are removed, since they receive the signal from the same GPS satellite, and so the errors are exactly the same: ,
The errors of the control segment, in particular the ephemeris errors, are not completely canceled, because the projection of the errors on the line of sight is not the same for Chief and Deputy (see Figure 4) . If, hypothetically, the error on the position of the GPS satellite is along the Chief line of sight, the residual ephemeris error is given by:
where θ is the angle between the directions of the lines of sight. In-track ephemeris error are much lower (of the order of sin control ε θ ⋅ ) and they will be neglected. Regarding the user segment errors, some are completely uncorrelated, like receiver and multipath sources, and cannot be removed. The tropospheric error can be uncorrelated if the baseline is large, but only the lower part of the atmosphere contributes to this delay, while Figure 3 demonstrates that there are sufficient visible GPS satellites even with a mask altitude around the Earth of 600 km, which is far above the troposphere. This error source is therefore neglected.
Signals from the GPS satellites are instead affected by the ionospheric delay. The model of the ionosphere used in this study takes into account an exponential decrease of the electron density with the height. As suggested in [10] and [11] , two different scale heights are implemented: 60 km for the F2 zone (altitudes less than 1000 km) and 1000 km for the protonosphere (above 1000 km). A maximum value ( 19 2 10 / el m ) for the TEC (total electron content) at sea level has been selected, so that a worst-case situation is modeled. The residual ionospheric error can be written as:
where f is the GPS L2 signal frequency, and
is the electron density, with , C D h being the altitude of the Chief (C) and Deputy (D), H(h) the scale height, which depends on the altitude, and
The curvilinear integrals are evaluated along the Deputy's and Chief's lines of sight; therefore the altitude h must be expressed as a function of the parameter l (see Figure 5 ) Once the pseudorange is acquired by four or more GPS satellites, it is possible to compute the vector Δx , defined by: Linearizing this expression around the Chief satellite position, it is possible to obtain: = Δρ HΔx , where H contains the unit vectors pointing from the Chief satellite to the i th GPS satellite (plus one final unit column).
Residual Errors Estimation
As in the standalone GPS, the errors are determined by geometric factors and by delta-pseudorange factors, given, as stated above, from receiver and multipath errors, and ephemeris and ionospheric residual delays.
As far as receiver and multipath errors are concerned, they are completely uncorrelated, and following [11] their standard deviation is set equal to 1 m.
In order to evaluate the order of magnitude of the residual ephemeris error, suppose that the baseline is very large (200 km), that the GPS satellite is at zenith above the Chief satellite, as in Figure 4 , and that , 
a value which that be disregarded for the present study.
Isolating the residual ionospheric error, it can be seen ( Figure 6 ) that it is much higher in a far bistatic (BSAR) configuration than in an interferometric (INSAR) configuration, as expected, since the uncorrelated part of the error grows. However, the receiver and multipath errors are greater than residual ionospheric errors. Therefore, both in close and in loose formations differential GPS can be used, since residual uncorrelated errors do not grow excessively with the distance.
Filter Design for the Relative Navigation: ΔX filter
Two alternative architectures are proposed for the relative navigation, sketched in Figure 7 . In the first one, already illustrated in [12] , the differential pseudoranges are ( )
and then easily transformed in the orbital reference frame. In order to simplify the data link and reduce the data rate, only position measurements are the input for the first extended Kalman filter (EKF), hence the name "ΔX filter", which will indicate it in the following. The equation of the measurement is therefore linear: z = Hx + w (9) with z being the relative coordinates evaluated as in eq. (8) 
The dynamics is instead nonlinear, modeled by means of the simple unperturbed equation:
where ρ is the relative distance vector. The covariance matrix of the measurement errors R (expressed in km 2 in Eq. 12) has been modeled as constant, and, due to previous considerations, it takes into account only the receiver and multipath errors: 
Filter Design for the Relative Navigation: Δρ filter
In the second architecture, the delta-pseudoranges are computed and then used directly as measurements for the filter, which therefore will be identified in the following as "Δρ filter". The dynamic state of the filter is the relative state of the formation, as in the "ΔX filter", augmented by differential clock offset and drift, as in [13] , The measurement equation is given by:
( ) h z = x + w (13) where the nonlinear relation ( ) 
The dimension of the measurement equation varies with the number of acquired GPS signals, i.e., 
PERFORMANCE OF THE "Δ ρ FILTER" AND "ΔX FILTER" IN LEO MISSIONS
The performance of the two filters is investigated in this section for two configurations especially apt for remote sensing missions. In [12] two baselines for synthetic aperture radar (SAR) missions are analyzed -the so-called INSAR (close formation) and BSAR (large formation) configurations -exploiting respectively the interferometric and bistatic SAR techniques. Finally, leader-follower formations characterized by different phase angles between the spacecraft are also analyzed. In fact, it will be shown that the relative distance is a parameter of capital importance for the filter performance.
Close Remote Sensing LEO Formations
The nominal relative trajectory in the INSAR mission is described in Figure 8 . Figure 9 shows the initial transient of the errors of the estimated relative coordinates by the two proposed filters. The initial guess is simulated as it was provided by a standalone GPS (30 m error). Both the convergence during initial transient and the steady-state behavior (reported in Figure 10 ) are very similar for the "ΔX filter" and "Δρ filter". The velocity components of the estimate state are also evaluated with pretty good accuracy, even if only range measurements are exploited as input. As Table 1 reports, standard deviations of the errors on the relative position are on the order of 10 to 30 cm for both filters, with mean values at the millimeter level for "Δρ filter" and at the centimeter level for "ΔX filter"; for the relative velocities, standard deviations of the errors below 5 mm/s are recorded. In addition, the "Δρ filter" has two more components, 0 1 , b b (differential clock receiver offset and drift), whose estimates manage to converge to the actual values (respectively, in Figure 11 and Figure 12 ). As a conclusion for close formations analysis, even if the performance of the "Δρ filter" is slightly better, the proposed strategies are substantially analogous and can be both implemented. With these error levels, precise control actions can be implemented; as an example, applying a discrete LQR as the one described in [2] , the formation can be maintained to within 1% of the nominal trajectory, a value that is usually considered acceptable, at least for the INSAR remote sensing missions considered up to now.
Large Remote Sensing LEO Formations
The nominal relative trajectory in this BSAR mission is described in Figure 14 . The relative distances are in this case much larger, on the order of 100 km. The performance of the "Δρ filter" is not affected by this increased baseline; instead, the "ΔX filter" should not be implemented in this case, since it does not correctly estimate the actual relative distance. As it is possible to see in Figure 15 , while the "Δρ filter" converges and maintains the same accuracy as in the close formation case (centimeter level), the estimate provided by the "ΔX filter" tracks a measurement that shows up errors on the order of tens of meters, like a standalone GPS, losing the advantage of differential GPS. This is due to the fact that, as the relative distance grows, there is a corresponding decrease in the validity of the linearization of Eq. 8, which is needed to algebraically evaluate the relative coordinates and the clock bias. In particular, the evaluation of the clock offset which must be performed at each time step before entering the "ΔX filter" is reported in Figure 16 (blue dots) for the close formation case, while in Figure 17 the same parameter is reported for the large formation case. It is clear that in the first case the solution of the linear system 8 provides fairly accurate values, while they are quite distant from the actual ones (solid red line) in the second case.
Here, jumps in the clock offset evaluation are clearly detectable, and they are related to the time instants in which changes in the number of acquired GPS signals occur, as confirmed by Figure 18 .
This problem is not present in the "Δρ filter", since the clock offset and drift are not algebraically computed, but rather estimated iteratively. The performance of the filter with respect to this variable are analogous in the close and in the large formation case (with results very similar to those in Figure 11 and Figure 12 ), and therefore an extended relative distance is not an issue for this filtering approach. 
Leader-follower Formations
In order to confirm the limitations for the use of the "ΔX filter" stated in the previous paragraph, a different configuration has been investigated. Trains of satellites are in fact another common design for LEO Earth observation missions. A leader-follower sun-synchronous design, formed by two spacecraft orbiting with a difference in true anomaly only, is simulated in the following. Figure 19 reports the standard deviation and the mean of the estimate range errors. As expected, the "Δρ filter" is totally independent on the relative distance, concerning both standard deviation and mean values of the errors. "ΔX filter" instead suffers from a substantial decrease in the accuracy as the baseline grows, confirming in this way that the evaluation of the measurements of the relative motion components directly from the delta-pseudorange can be a feasible solution only in the case of close formations. For large distances, the measurements show a bias that cannot be compensated for by a filter that takes into account only the relative components, as the "ΔX filter". 
APPLICATION TO HIGHER THAN GPS FORMATIONS
The comparison between the two envisaged filter architectures is extended to differential GPS navigation for formations in orbits that are totally or partially higher than the GPS constellation. Such a possibility can be exploited, thanks to the spillover of the GPS signals, as shown in [14] (where even the possibility of Earth-Moon transfers by means of GPS navigation has been analyzed). In the present case, the focus is on geostationary transfer orbits (GTO): in fact a certain number of missions, like ESA mission Proba 3 (see [15] ), have been designed or have already flown in GTO. The possibility to perform satellite navigation is connected to the number of acquired GPS signals. Since at the apogee the visible GPS satellites are only the ones that are beyond the Earth (see Figure 20) , it is mandatory to have at least a receiving antenna along the radial direction.
Comparing the number of acquired signals with the same three configurations analyzed in Section 2 for the LEO case, it is evident that the (ŷ +ẑ ) pairs are no longer the best solution, since they present long outage periods (i.e., less than 4 GPS signals acquired) when the formation is at the apogee, which is above the GPS constellation. The (x +ẑ ) and the (ŷ +x ) are to be preferred, with a slight advantage for this last one. The differential GPS can be therefore applied, with identical filtering strategies seen for LEO formations. The performance in terms of accuracy of the relative coordinates estimate is reported in Figure 22 . It is possible to see that an accuracy comparable to the errors of the LEO missions is achieved near the apogee. At perigee, however, some decrease in the performance occurs, due to the faster dynamics produced by the large eccentricity of GTO (e=0.71). 
FINAL REMARKS
Code differential GPS is a promising technique for online navigation and control of formation flying missions. In fact, quite often there is a payload that requires an extremely precise on the relative position, to be achieved by means of carrier-phase techniques. However, since these techniques are quite demanding from a computational point of view, this task can be performed post-facto, while real-time navigation can be performed by means of the simpler (but less precise) code differential technique.
In this paper, the problem of the filtering strategies is faced by implementing two different architectures. In the first one, once the signals are acquired from at least four GPS satellites, the pseudorange relevant to the two spacecraft are subtracted and then algebraically manipulated in order to obtain the relative coordinates. This is the actual input for the filter, an extended Kalman filter whose state variables are the relative position and velocity, and the relation between measurement and state is linear. In the second strategy, the measurements are the delta-pseudoranges. This means that the measurement equation is slightly more complicated, since it is nonlinear; moreover, the clock offset and bias of the filter state must be included among the state variables.
Analyzing the performance of these two filtering strategies in a wide range of mission scenarios, including large and close formations, in LEO and GTO orbits, this study suggests that only by including the differential clock offset and drift (and drift rate, if needed) among the filter state variables is it possible to obtain consistent performance for any of the considered mission profiles This is because the direct evaluation of these parameters (as in the case of the first filter) leads to increasing errors.
